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Abstract
We define a cohomology with integral coefficients of an orbifold M , which we call the ws-singular cohomology ws-Hq(M)
of M .
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1. Introduction
In the preceding paper [3], we have defined the t-singular homology group of an orbifold. We consider it to be an
appropriate homology group for an orbifold from the naturality of the definition and the fact that the abelianization of
its orbifold fundamental group is isomorphic to its 1-dimensional t-singular homology group.
In this paper, we define a new cohomology group for an orbifold, called ws-singular cohomology group, develope
the general theory, the cup and cap products, the exact sequences, etc., and calculate the ws-singular cohomology
groups of some orbifolds. Since for such examples the Poincaré duality holds, the ws-singular cohomology may be
considered as an appropriate cohomology group for an orbifold.
In [4] we prove the duality theorem between the t-singular homology and the ws-singular cohomology for an
n-dimensional compact, and s-homologically orientable orbifold.
2. Preliminaries on orbifolds and the s-singular homology
For basic facts on orbifold, please see [1,5,2,3], etc. By an n-dimensional (topological) orbifold M , we shall mean
a Hausdorff space X together with a system S = ({Ui}, {ϕi}, {U˜i}, {Gi}, {ϕ˜ij }, {ηij }) which satisfies the following:
(i) {Ui} is an open cover of X, which is locally finite and closed under finite intersections.
(ii) For each Ui , there exist a finite group Gi acting smoothly and effectively on a connected open subset U˜i of Rn+
and a homeomorphism ϕi : U˜i/Gi → Ui .
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σ ∈ Gi and x ∈ U˜i , ϕ˜ij (σx) = ηij (σ )ϕ˜ij (x) and the following diagram commutes, where ϕij is induced by the
monomorphism ηij and the embedding ϕ˜ij , and ri , rj are the natural projections.
U˜i
ϕ˜ij−−−−→ U˜j
ri
⏐⏐ ⏐⏐rj
U˜i/Gi
ϕij−−−−→ U˜j /Gj
ϕi
⏐⏐ ⏐⏐ϕj
Ui −−−−→ Uj
(2.1)
(iv) If Ui ⊂ Uj ⊂ Uk , then ϕ˜jk ◦ ϕ˜ij = ϕ˜ik . (From this formula and (iii), it holds that ηjk ◦ ηij = ηik .)
Each ϕi ◦ ri : U˜i → Ui is called a local chart of M , each Gi is called the local group of Ui , and {ϕi ◦ ri : U˜i → Ui} is
called a system of local charts of M . S is called an atlas of M . If S ′ is obtained from S by changing each ϕ˜ij to gj ◦ ϕ˜ij
for some gj ∈ Gj and satisfies (iv) (and automatically, (i)–(iii)), then S and S ′ give the same orbifold structure. Two
atlases give the same orbifold structure if their union is again a compatible atlas. We call X the underlying space of
the orbifold M , and denote it by the symbol |M|. Throughout this paper we assume |M| to be paracompact.
For each x ∈ |M| a local chart ϕ ◦ r : U˜ → U of M such that U contains x is called a local chart around x, and U˜
is called a local uniformization around x. The local group at x, denoted by Gx , is the isotropy group of any point in
U˜ corresponding to x. This is well defined up to isomorphism. We call the order of Gx the index (or weight) of x, and
denote it by w(x). The set {x ∈ |M| | Gx = id} is called the singular set of M and denoted by ΣM . If ΣM = ∅, M is
a topological manifold.
A local chart U˜i → U˜i/Gi → U around x is reduced if Gi is the local group at x. A point of ΣM is called a
singular point, and a point of |M| −ΣM is called a regular point. A base point of M is a fixed chosen point of
|M| −ΣM . A stratum of M is a maximal connected component of |M| on which the orders of the local groups are
constant. We denote the set of all k-dimensional strata by Σ(k)M . An orbifold M is connected if |M| is connected.
Let Y be a subspace of |M|. We define the restriction of S to Y , denoted by S|Y , by S|Y = ({Yi}, {ϕi |Yi}, {Y˜i},
{Hi}, {ϕ˜ij |Y˜i}, {ηij |Hi}), where Yi = Y ∩Ui , Y˜i = (a component of the inverse image of Yi under the quotient map
U˜i → Ui ), and Hi is the group consists of the restrictions of the action of Gi to Y˜i . By a subspace of M , we shall
mean the subspace Y together with S|Y . We also call Y the underlying space of the subspace.
A subspace Q of M is called an m-dimensional suborbifold of M , if S|Y gives an m-dimensional orbifold structure
to Y , where Y is the underlying space of Q.
A suborbifold V of an n-orbifold M is called the cone neighborhood of a point x in M , if the underlying space
|V | is included in U where ϕ ◦ r : U˜ → U is a reduced local chart around x and (ϕ ◦ r)−1(|V |) is homeomorphic to
an n-dimensional ball including (ϕ ◦ r)−1(x).
Recall that a q-dimensional standard simplex Δq is the subspace of Rq+1 defined as follows:
Δq =
{
x = (x0, x1, . . . , xq) ∈ Rq+1
∣∣∣ q∑
i=0
xi = 1, xi  0, i = 0,1, . . . , q
}
. (2.2)
In this section we review the singular homology of an orbifold (see [1,3]), and the s-singular homology of an
orbifold (see [6]).
Definition 2.1. A q-dimensional singular simplex of an orbifold M is defined to be a continuous map Ψ =
(|Ψ |, {Ψ˜ij }) :Δq → M (see [1,3] for a continuous map of an orbifold). Two singular simplices Ψ = (|Ψ |, {Ψ˜ij }),
Ψ ′ = (|Ψ ′|, {Ψ˜ ′ij }) are said to be equivalent if Ψ and Ψ ′ are equivalent as continuous maps of orbifolds (that is, for
each i, j there exists an element gj ∈ Gj such that Ψ˜ ′ij = gj Ψ˜ij ). We denote the set of all q-dimensional singular
simplices of M by Sq(M). A q-dimensional singular chain of an orbifold M is a finite linear combination
∑
j njΨj
of q-dimensional singular simplices of M . We denote the free abelian group with basis of Sq(M) by Cq(M).
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Definition 2.2. Let M be an orbifold and Ψ = (|Ψ |, {Ψ˜kj }) ∈ Sq(M). For i = 0,1, . . . , q we define ∂iΨ =
(|∂iΨ |, {∂iΨ˜kj }) ∈ Sq−1(M) by
|∂iΨ |(x0, x1, . . . , xq−1) =
(|Ψ ||Δqi ) ◦ εi, (2.3)
and
∂iΨ˜kj (x0, x1, . . . , xq−1) =
(
Ψ˜kj |Δqi
) ◦ εi, (2.4)
where Δqi = Δq ∩ Rq+1i , Rq+1i = {x = (x0, . . . , xq) ∈ Rq+1 | xi = 0} and εi :Δq−1 → Δq is the embedding defined
by εi(x0, x1, . . . , xq−1) = (x0, x1, . . . , xi−1,0, xi, . . . , xq−1). Then the boundary operator ∂ :Cq(M) → Cq−1(M) is
defined by
∂ =
q∑
i=0
(−1)i∂i , (2.5)
which satisfies that ∂ ◦ ∂ = 0.
Note that ∂(
∑
j njΨj ) = 0 means that the structure maps of ∂Ψj count to zero under transformations.
Definition 2.3. By a singular chain complex C∗(M), we shall mean the family of Z-modules Cq(M), q ∈ Z, q  0,
together with the boundary operator ∂ .
The homology group Hq(C∗(M)) is called the q-dimensional singular homology group of M , denoted by Hq(M)
(see [1]). Regretfully, it does not capture the orbifold structure of M (see [6, Theorem 4.5]).
Definition 2.4. A q-dimensional s-singular simplex of an orbifold M is an element Ψ ∈ Sq(M) which satisfies the
following: For each k-face σ of Δq (k  q),
(i) there exists a stratum Q of M (possibly, Q ⊂ ΣM) such that |Ψ |(Intσ) ⊂ Q, and
(ii) there exists at most one (k − 1)-face τ of σ such that w(|Ψ |(Intσ)) < w(|Ψ |(Int τ)).
Note that (i) is equivalent to the statement that w(|Ψ |(x)) is constant on Int(σ ). Hence w(|Ψ |(Intσ)) is well-
defined. We denote the set of all q-dimensional s-singular simplices of M by s-Sq(M).
A q-dimensional s-singular chain of M is a finite linear combination
∑
j njΨ
j of s-singular simplices Ψ j of M .
We denote the free abelian group with basis of all q-dimensional s-singular simplices of M by s-Cq(M). By the above
definition of s-singular simplex it holds that ∂(s-Cq(M)) ⊂ s-Cq−1(M), then an s-singular chain complex s-C∗(M)
can be defined as a subchain complex of C∗(M).
Definition 2.5. Let M be an orbifold. As the usual way, we denote some subgroups of Cq(M) as follows:
s-Zq(M) =
{
c ∈ s-Cq(M) | ∂(c) = 0
}
,
s-Bq(M) =
{
c ∈ s-Cq(M) | ∃d ∈ s-Cq+1(M) s.t. ∂(d) = c
}
. (2.6)
Each element of s-Zq(M) is called a q-dimensional s-cycle. And each element of s-Bq(M) is called a q-dimensional
boundary s-cycle. Then the q-dimensional s-singular homology of M is defined by s-Zq(M)/s-Bq(M) and is denoted
by s-Hq(M).
A degree 0 homomorphism ϕ : s-C∗(M) → s-C∗(N) is called an s-chain map if ∂N ◦ϕ = ϕ ◦ ∂M (cf. Definition 4.7
of [3]).
Any continuous map that is an embedding of orbifolds induces an s-chain map between the s-singular chain
complices. In particular an isomorphism f :M → N between orbifolds induces an s-chain map f# : s-C∗(M) → s-
C∗(N), which is an isomorphism from s-C∗(M) (respectively s-Z∗(M), s-B∗(M)) to s-C∗(N) (respectively s-Z∗(N),
s-B∗(N)).
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the definitions of the cap product, etc. of the ws-singular cohomology theory of M in this paper.
3. The definition of ws-singular cohomology
In this section, we define the ws-singular cohomology of an orbifold. For the convenience, we review the definition
of the singular cohomology of that, see [1].
Definition 3.1. Let M be an orbifold. Let Cq(M) be the dual Z-module of Cq(M). Note that the coboundary operator
δ :Cq(M) → Cq+1(M) is defined by
〈δη, c〉 = 〈η, ∂c〉 for η ∈ Cq(M), c ∈ Cq+1(M). (3.1)
By a singular cochain complex C∗(M), we shall mean the family of Z-modules Cq(M), q ∈ Z, q  0, together
with the coboundary operator δ.
Let s-Cq(M) be the dual Z-module of s-Cq(M). Since ∂(s-Cq+1(M)) ⊂ s-Cq(M), δ(s-Cq(M)) ⊂ s-Cq+1(M).
Then an s-singular cochain complex s-C∗(M) is defined as a subcochain complex of C∗(M).
A degree 0 homomorphism ϕ : s-C∗(N) → s-C∗(M) is called an s-cochain map if δM ◦ ϕ = ϕ ◦ δN . Any contin-
uous map that is an embedding of orbifolds induces an s-cochain map between the s-singular cochain complices. In
particular an isomorphism f :M → N between orbifolds induces an s-cochain map f # : s-C∗(N) → s-C∗(M), which
is an isomorphism from s-C∗(N) to s-C∗(M).
The cohomologies derived from these cochains do not capture the orbifold structure. Then, we consider the further
subcomplex of s-Cq(M).
Definition 3.2. Let M be an orbifold and let Ψ :Δq → M be an s-singular simplex of M . We define the weight w(Ψ )
of Ψ as
w(Ψ ) = w(|Ψ |(p)) (3.2)
where p is an interior point of Δq . It is well-defined by Definition 2.4.
Definition 3.3. For each q we define a subset ws-Cq(M) of s-Cq(M) as follows:
ws-Cq(M) = {η ∈ s-Cq(M) | 〈η,Ψ 〉 ∈ w(Ψ )Z for each q-dimensional s-simplex Ψ }. (3.3)
Proposition 3.4. Let M be an orbifold. Then ws-Cq(M) is a submodule of s-Cq(M).
Proof. Take any η, ξ ∈ ws-Cq(M) and any a ∈ Z. Then η + ξ, aη ∈ s-Cq(M), and for each q-dimensional s-singular
simplex Ψ
〈η + ξ,Ψ 〉 = 〈η,Ψ 〉 + 〈ξ,Ψ 〉 ∈ w(Ψ )Z,
〈aη,Ψ 〉 = a〈η,Ψ 〉 ∈ w(Ψ )Z.  (3.4)
Proposition 3.5. Let M be an orbifold. Then ws-C∗(M) is defined as a subcochain complex of s-C∗(M).
Proof. Take any η ∈ ws-Cq(M) and any q-dimensional s-singular simplex Ψ . Since the weight of each simplex of
∂Ψ is a multiple of w(Ψ ),
〈δη,Ψ 〉 = 〈η, ∂Ψ 〉 ∈ w(∂Ψ )Z ⊂ w(Ψ )Z. (3.5)
Thus δ(ws-Cq(M)) ⊂ ws-Cq+1(M). 
Then we call ws-C∗(M) a ws-singular cochain complex of M .
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ws-Zq(M) = {η ∈ ws-Cq(M) | δ(η) = 0},
ws-Bq(M) = {η ∈ ws-Cq(M) | ∃ξ ∈ ws-Cq−1(M) s.t. δ(ξ) = η}. (3.6)
Each element of ws-Zq(M) is called a q-dimensional ws-cocycle. And each element of ws-Bq(M) is called a q-
dimensional ws-coboundary cocycle. Then the ws-singular cohomology of M is defined by ws-Zq(M)/ws-Bq(M)
and is denoted by ws-Hq(M).
A degree 0 homomorphism ϕ : ws-C∗(N) → ws-C∗(M) is called a ws-cochain map if δM ◦ ϕ = ϕ ◦ δN . Any con-
tinuous map that is an embedding of orbifolds induces a ws-cochain map between the ws-singular cochain complices.
In particular an isomorphism f :M → N between orbifolds induces a ws-cochain map f # : ws-C∗(N) → ws-C∗(M),
which is an isomorphism from ws-C∗(N) (respectively ws-Z∗(N), ws-B∗(N)) to ws-C∗(M) (respectively ws-Z∗(M),
ws-B∗(M)).
The examples in Theorems 9.1 and 9.3 say that ws-Hq(M) actually depends on the orbifold structure. Then, we
develop the cohomology theory of ws-Hq(M).
4. The ws-singular cohomology of the cone on a spherical orbifold
Theorem 4.1. Let M be the cone on an (n− 1)-dimensional spherical orbifold. Then the following holds:
ws-Hk(M) =
{
Z if k = 0,
0 otherwise.
Proof. Let F = ∂M , and let c be the cone point of M . Then M can be represented as c ∗ F . Take any element ξ of
ws-Zk(M).
Let k = 0. Let ϕc ∈ s-S0(M) such that ϕc(Δ0) = {c}. Since M is connected, ξ is determined by the value 〈ξ,ϕc〉.
Let ξ0 be the element of ws-Zk(M) such that 〈ξ0, ϕc〉 = w(c). Since ws-B0(M) = 0, ws-H 0(M) = Z〈ξ0〉.
Let k = 0. We have only to show that there exists an element η of ws-Ck−1(M) such that ξ = δη. First we take
any element ψ :Δk−1 → M of s-Sk−1(M). Then we define c ∗ ψ : Δk = σ 0 ∗ Δk−1 → M = c ∗ F , which belongs to
s-Sk(M) by
(c ∗ψ)(tσ 0 + (1 − t)x)= tc + (1 − t)ψ(x)
for any x ∈ F . We define η ∈ s-Ck−1(M) as 〈η,ψ〉 := 0 if ψ = c∗τ for some τ ∈ s-Sk−2(M), and 〈η,ψ〉 := 〈ξ, c∗ψ〉
otherwise.
Take any ϕ ∈ s-Sk(M) and put ∂ϕ =∑i ϕi . Since M = c ∗ F , ϕ is homologue to ∑i (c ∗ ϕi). Thus,
〈ξ,ϕ〉 =
〈
ξ,
∑
i
(c ∗ ϕi)
〉
=
∑
i
〈ξ, c ∗ ϕi〉
=
∑
i
〈η,ϕi〉
=
〈
η,
∑
i
ϕi
〉
= 〈η, ∂ϕ〉
= 〈δη,ϕ〉.
We claim that η ∈ ws-Ck−1(M). Indeed, let Ψ be any element of s-Sk−1(M). If Ψ = c∗σ for some σ ∈ s-Sk−2(M),
then 〈η,Ψ 〉 = 0, which is a multiple of w(Ψ ). Otherwise,
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= m ·w(c ∗Ψ )
= m ·w(Ψ )
where m is an integer. Thus η ∈ ws-Ck−1(M). 
5. Induced homomorphism
Definition 5.1. Let M , N be orbifolds, and f :M → N a continuous map. Suppose that for each x ∈ |M|, w(|f |(x)) =
w(x). Then f is called a W-continuous map.
Definition 5.2. Let M , N be orbifolds, and f,g :M → N W-continuous maps. By a W-homotopy from f to g (relative
to A ⊂ M) we shall mean a W-continuous map H :M × [0,1] → N which satisfies the following:
(i) H(·,0) = f (·).
(ii) H(·,1) = g(·).
((iii) H(a, s) = f (a) = g(a) for any a ∈ A and any s ∈ [0,1].)
Two orbifolds M and N are W-homotopy equivalent if there exist W-continuous maps f :M → N and g :N → M
such that g ◦ f and f ◦ g are W-homotopic to idM and idN , respectively.
Let M , N be orbifolds, and f :M → N a W-continuous map. From Definition 2.4, it is derived that for every
s-singular simplex ϕ of M , f ◦ ϕ is an s-singular simplex of N . Then f induces an s-chain map f# : s-Cq(M) → s-
Cq(N) (respectively s-cochain map f # : s-Cq(N) → s-Cq(M)), by f#(ϕ) = f ◦ϕ (respectively 〈f #ξ,Ψ 〉 = 〈ξ, f#Ψ 〉,
ξ ∈ s-Cq(N), Ψ ∈ s-Cq(M)). Furthermore, since w(f ◦ ϕ) = w(ϕ), f also induces a ws-cochain map f # : ws-
Cq(N) → ws-Cq(M) by 〈f #ξ,Ψ 〉 = 〈ξ, f#Ψ 〉, ξ ∈ ws-Cq(N), Ψ ∈ s-Cq(M). It enables us to prove the following
5.3–5.6 easily.
Proposition 5.3. Let M , N be orbifolds, and f :M → N a W-continuous map. Then, an induced homomorphism
f ∗ : ws-Hq(N) → ws-Hq(M) can be defined by [ξ ] → [f #ξ ].
Proposition 5.4. Let M , N and L be orbifolds, and let f :M → N , g :N → L be W-continuous maps. Then (g◦f )∗ =
f ∗ ◦ g∗.
Theorem 5.5. Let M , N be orbifolds and let f,g :M → N be W-continuous maps. If f and g are W-homotopic, then
f ∗ = g∗.
Theorem 5.6. Let M and N be orbifolds. If they are W-homotopy equivalent, then their ws-singular cohomology
groups ws-Hq(M) and ws-Hq(N) are isomorphic.
6. The cup and cap products
Definition 6.1. Let M be an orbifold. For each η ∈ Cp(M) and ξ ∈ Cq(M), the cup product η ∪ ξ ∈ Cp+q(M) of η
and ξ is defined as the usual way; that is, for each singular simplex Ψ :Δp+q → M
〈η ∪ ξ,Ψ 〉 := 〈η,Ψ ◦ εp+qq 〉〈ξ,Ψ ◦ εq0 〉, (6.1)
and the product is linearly extended to Cp+q(M).
Proposition 6.2. Let M be an orbifold. If η ∈ ws-Cp(M) and ξ ∈ ws-Cq(M), then η ∪ ξ ∈ ws-Cp+q(M).
Proof. If Ψ is an s-singular simplex, then Ψ ◦ εp+qq and Ψ ◦ εq0 are also s-singular simplices. Moreover, the weights
w(Ψ ◦ εp+qq ), w(Ψ ◦ εq0 ) are multiples of w(Ψ ). Thus 〈η ∪ ξ,Ψ 〉 ∈ w(Ψ )Z. 
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Then we can define the following.
Definition 6.4. Let M be an orbifold. For [u] ∈ ws-Hp(M), [v] ∈ ws-Hq(M) we define [u] ∪ [v] ∈ ws-Hp+q(M) by
[u] ∪ [v] = [u∪ v].
Definition 6.5. Let M be an orbifold. For η ∈ Cp(M) and Ψ ∈ Sq(M), q  p, the cap product η ∩ Ψ ∈ Cq−p(M) of
η and Ψ is defined as the usual way; that is,
η ∩Ψ = 〈η,Ψ ◦ εp0 〉Ψ ◦ εqp, (6.2)
and the product is linearly extended to Cq(M). Note that if c ∈ s-Cq(M), then η ∩ c ∈ s-Cq−p(M).
From the definition, η∩c is uniquely determined as the element of s-Cq−p(M) which satisfies 〈ξ, η∩c〉 = 〈ξ ∪η, c〉
for any ξ ∈ s-Cq−p(M).
Proposition 6.6. Let M be an orbifold. For η ∈ Cp(M), c ∈ Cq(M), q  p, it holds ∂(η∩c) = (−1)q−pδη∩c+η∩∂c.
Then we have the following definition.
Definition 6.7. Let M be an orbifold. For [η] ∈ ws-Hp(M), [c] ∈ s-Hq(M), q  p, we define [η] ∩ [c] ∈ s-Hq−p(M)
by [η] ∩ [c] = [η ∩ c].
Proposition 6.8. Let f :M → N be a W-continuous map, v′ ∈ s-C∗(N), c ∈ s-C∗(M), then f#(f #(v′) ∩ c) = v′ ∩
f#(c).
Proposition 6.9. Let f :M → N be a W-continuous map, β ′ ∈ ws-H ∗(N), a ∈ s-H∗(M), then f∗(f ∗(β ′) ∩ a) =
β ′ ∩ f∗(a).
7. Exact sequence
Let Sdq :Cq(M) → Cq(M) be the barycentric division. Since any subdivision of an s-singular simplex is also
an s-singular simplex, the restriction of Sdq also induces a refinement map Sdq : s-Cq(M) → s-Cq(M). Note that
w(σ) = w(ϕ) for any q-dimensional s-singular simplex σ of Sdq(ϕ), ϕ ∈ s-Cq(M). Let Pq :Cq(M) → Cq+1(M) be
the prism map with respect to Sdq . Since Pq(σ ) ∈ s-Cq+1(M), σ ∈ s-Cq(M), the restriction of Pq also induces a prism
map Pq : s-Cq(M) → s-Cq+1(M). Note that w(τ) = w(ϕ) for any (q + 1)-dimensional s-singular simplex τ of Pq(ϕ),
ϕ ∈ s-Cq(M). Suppose M1 and M2 are suborbifolds of an orbifold M such that IntM1∪M2(M1) ∪ IntM1∪M2(M2) =
M1 ∪M2. Then, by using these maps, we can construct an s-chain map Tq : s-Cq(M1 ∪M2) → s-Cq(M1)+ s-Cq(M2)
and a homomorphism Ψq : s-Cq(M1 ∪ M2) → s-Cq+1(M1 ∪M2) which satisfy that Tqc = c for c ∈ s-Cq(Mi),
i = 1,2, and that ∂q+1Ψqc + Ψq−1∂qc = c − Tqc for c ∈ s-Cq(M1 ∪ M2), q ∈ Z, q  0, as in the usual homology
theory. Then, we have the following proposition.
Proposition 7.1. If M1 and M2 are suborbifolds of an orbifold M and IntM1∪M2(M1) ∪ IntM1∪M2(M2) = M1 ∪M2,
then, for each q , there is an s-chain map Tq : s-Cq(M1 ∪ M2) → s-Cq(M1) + s-Cq(M2) and a homomorphism
Ψq : s-Cq(M1 ∪M2) → s-Cq+1(M1 ∪M2) which satisfy that Tqc = c for c ∈ s-Cq(Mi), i = 1,2, and that ∂q+1Ψqc+
Ψq−1∂qc = c − Tqc for c ∈ s-Cq(M1 ∪M2), q ∈ Z, q  0.
From the construction, it holds that w(σ) ∈ w(ϕ)Z (respectively w(τ) = w(ϕ)) for any q-dimensional s-singular
simplex σ of Tq(ϕ) (respectively τ of Ψq−1(ϕ)), ϕ ∈ s-Cq(M).
Theorem 7.2. If M1 and M2 are suborbifolds of an orbifold M and IntM1∪M2(M1)∪ IntM1∪M2(M2) = M1 ∪M2, then
the following sequence is exact:
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−−−−→ ws-Hq(M1)⊕ ws-Hq(M2)
i∗−−−−→ ws-Hq(M1 ∩M2) δ
∗−−−−→ ws-Hq+1(M1 ∪M2) −−−−→ · · ·
(7.1)
where iμ: M1 ∩M2 ⊂ Mμ, jμ: Mμ ⊂ M1 ∪M2, μ = 1,2, are inclusions, and
j#(ξ) = ((j1)#(ξ),−(j2)#(ξ)), ξ ∈ ws-C∗(M1 ∪M2),
i#(ξ1, ξ2) = (i1)#(ξ1)+ (i2)#(ξ2), ξμ ∈ ws-C∗(Mμ),
δ∗[z] = [(j#)−1δ(i#)−1(z)],
j∗
([ξ ])= ((j1)∗[ξ ],−(j2)∗[ξ ]),
i∗
([ξ1], [ξ2])= (i1)∗[ξ1] + (i2)∗[ξ2].
Proof. There is a short exact sequence
0 → (s-C∗(M1)+ s-C∗(M2))∗ j
#
−→ s-C∗(M1)⊕ s-C∗(M2) i
#−→ s-C∗(M1 ∩M2) → 0.
Let ι : s-C∗(M1) + s-C∗(M2) → s-C∗(M1 ∪ M2) be the inclusion map defined as ι(ϕ1 + ϕ2) = ϕ1 + ϕ2 and
ι# : s-C∗(M1 ∪ M2) → (s-C∗(M1) + s-C∗(M2))∗ the dual map. ι#(ws-C∗(M1 ∪ M2)) together with the restriction
of the coboundary operator of (s-C∗(M1)+ s-C∗(M2))∗ is a cochain complex.
Claim 1. The restriction of j# to ι#(ws-C∗(M1 ∪M2)) is a monomorphism into ws-C∗(M1)⊕ ws-C∗(M2).
For any ξ ∈ ws-C∗(M1 ∪M2), there are ηi ∈ s-C∗(Mi), i = 1,2, such that j#ι#ξ = η1 ⊕η2. Take any ϕ1 ∈ s-S(M1),
then
〈η1, ϕ1〉 = 〈η1, ϕ1〉 + 〈η2,0〉
= 〈η1 ⊕ η2, ϕ1 ⊕ 0〉
= 〈j#ι#ξ,ϕ1 ⊕ 0〉
= 〈ξ,ϕ1〉.
Hence 〈η1, ϕ1〉 ∈ w(ϕ1)Z. Similarly, 〈η2, ϕ2〉 ∈ w(ϕ2)Z for any ϕ2 ∈ s-S(M2). Therefore, j#ι#ξ ∈ ws-C∗(M1) ⊕
ws-C∗(M2), which yields that j#ι#(ws-C∗(M1 ∪M2)) ⊂ ws-C∗(M1)⊕ ws-C∗(M2).
Claim 2. i#(ws-C∗(M1)⊕ ws-C∗(M2)) = ws-C∗(M1 ∩M2).
Take any ξi ∈ ws-Cq(Mi), i = 1,2. For any ϕ ∈ s-Sq(M1 ∩ M2), 〈i#(ξ1 ⊕ ξ2), ϕ〉 = 〈ξ1, ϕ〉 + 〈ξ2, ϕ〉 ∈ w(ϕ)Z.
Hence i#(ξ1 ⊕ ξ2) ∈ ws-Cq(M1 ∩M2). Thus i#(ws-C∗(M1)⊕ ws-C∗(M2)) ⊂ ws-C∗(M1 ∩M2).
Take any η ∈ ws-C∗(M1 ∩M2). There is ξ1 ⊕ ξ2 ∈ s-C∗(M1)⊕ s-C∗(M2) such that i#(ξ1 ⊕ ξ2) = η. Then, for any
ϕ ∈ s-Sq(M1 ∩M2), 〈η,ϕ〉 = 〈ξ1, ϕ〉+ 〈ξ2, ϕ〉. Let zi(ϕ) and ri(ϕ) be integers such that 〈ξi, ϕ〉 = w(ϕ)zi(ϕ)+ ri(ϕ),
0 ri(ϕ) < w(ϕ). Then r1(ϕ)+ r2(ϕ) ∈ w(ϕ)Z. Define ξ¯1 : s-Sq(M1) → Z by
〈ξ¯1, ϕ〉 =
{
w(ϕ)z1(ϕ)+ r1(ϕ)+ r2(ϕ) if ϕ ∈ s-Sq(M1 ∩M2),
0 if ϕ /∈ s-Sq(M1 ∩M2),
and define ξ ′1 : s-Cq(M1) → Z by the linear extension of ξ¯1. Define ξ¯2 : s-Sq(M2) → Z by
〈ξ¯2, ϕ〉 =
{
w(ϕ)z2(ϕ) if ϕ ∈ s-Sq(M1 ∩M2),
0 if ϕ /∈ s-Sq(M1 ∩M2),
and define ξ ′2 : s-Cq(M2) → Z by the linear extension of ξ¯2. Since r1(ϕ)+ r2(ϕ) ∈ w(ϕ)Z, ξ ′i ∈ ws-Cq(Mi), i = 1,2.
Furthermore, for any ϕ ∈ s-Sq(M1 ∩M2),
1672 Y. Takeuchi, M. Yokoyama / Topology and its Applications 154 (2007) 1664–1678〈
i#(ξ ′1 ⊕ ξ ′2), ϕ
〉= w(ϕ)z1(ϕ)+ r1(ϕ)+ r2(ϕ)+w(ϕ)z2(ϕ)
= 〈ξ1, ϕ〉 + 〈ξ2, ϕ〉
= 〈η,ϕ〉.
Hence i#(ξ ′1 ⊕ ξ ′2) = η.
Claim 3. j#ι#(ws-C∗(M1 ∪M2)) = Ker i# ∩ ((ws-C∗(M1)⊕ ws-C∗(M2))).
One direction is clear. For the other one, take ξ1 ⊕ ξ2 ∈ ws-C∗(M1)⊕ ws-C∗(M2) such that i#(ξ1 ⊕ ξ2) = 0. Since
j#(s-C∗(M1) + s-C∗(M2))∗ = Ker i#, there is ξ ∈ (s-C∗(M1) + s-C∗(M2))∗ such that j#ξ = ξ1 ⊕ ξ2. Evaluating
j#ξ = ξ1 ⊕ ξ2 at any ϕi ∈ s-S(Mi), i = 1,2, it is derived that 〈ξ1, ϕ1〉 + 〈ξ2, ϕ2〉 = 〈ξ,ϕ1〉 + 〈ξ,ϕ2〉. Putting ϕj = 0,
we have 〈ξ,ϕi〉 = 〈ξi, ϕi〉 ∈ w(ϕi)Z, i, j = 1,2. Thus, it holds that, for any ϕ ∈ s-S(M1)∪ s-S(M2), 〈ξ,ϕ〉 ∈ w(ϕ)Z.
Define ξ¯ : s-Sq(M1 ∪M2) → Z by
〈ξ¯ , ϕ〉 =
{ 〈ξ,ϕ〉 if ϕ ∈ s-Sq(M1)∪ s-Sq(M2),
0 if ϕ /∈ s-Sq(M1)∪ s-Sq(M2),
and define ξ ′ : s-Cq(M1 ∪ M2) → Z by the linear extension of ξ¯ . It is clear that ξ ′ ∈ ws-Cq(M1 ∪ M2) and ι#ξ ′ = ξ .
Hence ξ1 ⊕ ξ2 ∈ j#ι#(ws-C∗(M1 ∪M2)).
Thus far, we have a short exact sequence
0 → ι#(ws-C∗(M1 ∪M2)) j#−→ ws-C∗(M1)⊕ ws-C∗(M2) i#−→ ws-C∗(M1 ∩M2) → 0,
then the following sequence is exact:
· · · −−−−→ Hq(ι#(ws-C∗(M1 ∪M2))) j
∗
−−−−→ ws-Hq(M1)⊕ ws-Hq(M2)
i∗−−−−→ ws-Hq(M1 ∩M2) δ
∗−−−−→ Hq+1(ι#(ws-C∗(M1 ∪M2)))) −−−−→ · · · .
Claim 4. ι∗ :Hq(ws-C∗(M1 ∪M2)) → Hq(ι#(ws-C∗(M1 ∪M2))) is an isomorphism.
Take any ξ ∈ ι#(ws-Cq(M1 ∪ M2)) such that δξ = 0. By Proposition 7.1, for each q , there is an s-chain map
Tq : s-Cq(M1 ∪ M2) → s-Cq(M1) + s-Cq(M2) and a homomorphism Ψq : s-Cq(M1 ∪ M2) → s-Cq+1(M1 ∪ M2)
which satisfy that Tqc = c for c ∈ s-Cq(Mi), i = 1,2, and that ∂q+1Ψqc+Ψq−1∂qc = c−Tqc for c ∈ s-Cq(M1 ∪M2),
q ∈ Z, q  0. Define ξ ′ ∈ s-Cq(M1 ∪ M2) by 〈ξ ′, c〉 = 〈ξ, Tqc〉, c ∈ s-Cq(M1 ∪ M2). Take any ϕ ∈ s-Sq(M1 ∪ M2).
Since w(σ) ∈ w(ϕ)Z for any q-dimensional s-singular simplex σ of Tq(ϕ), 〈ξ ′, ϕ〉 = 〈ξ, Tqϕ〉 ∈ w(ϕ)Z. Hence
ξ ′ ∈ ws-Cq(M1 ∪ M2). Next, take any ψ ∈ s-Sq+1(M1 ∪ M2). Since Tq(∂ψ) = ∂Tq+1ψ , 〈δ′ξ ′,ψ〉 = 〈ξ ′, ∂ψ〉 =
〈ξ, Tq(∂ψ)〉 = 〈ξ, ∂Tq+1ψ〉 = 〈δξ, Tq+1ψ〉 = 0, where δ′ is the coboundary operator of the cochain complex
ws-C∗(M1 ∪M2). Thus, ξ ′ ∈ ws-Zq(M1 ∪M2). Furthermore, for any c ∈ s-Cq(M1)+ s-Cq(M2), 〈ι#ξ ′, c〉 = 〈ξ ′, ιc〉 =
〈ξ ′, c〉 = 〈ξ, Tqc〉 = 〈ξ, c〉. Hence ι#ξ ′ = ξ . Thus, ι∗ is an epimorphism.
Suppose ι∗[ξ ] = 0 in Hq(ι#(ws-C∗(M1 ∪M2))), [ξ ] ∈ Hq(ws-C∗(M1 ∪M2)). There is η ∈ ι#(ws-Cq−1(M1 ∪M2))
such that ι#ξ = δη. Furthermore, there is η′ ∈ ws-Cq−1(M1 ∪ M2) such that η = ι#η′. Hence, ι#ξ = δι#η′ =
ι#δ′η′. Then, it holds that for any c ∈ s-Cq(M1) + s-Cq(M2), 〈ξ − δ′η′, c〉 = 0. Define Φξ−δ′η′ : s-Cq−1(M1 ∪
M2) → Z by 〈Φξ−δ′η′ , c〉 = 〈ξ − δ′η′,Ψq−1c〉, c ∈ s-Cq−1(M1 ∪ M2). Note that 〈Φξ−δ′η′ ,ψ〉 ∈ w(ψ)Z for any
ψ ∈ s-Sq−1(M1 ∪M2), since w(τ) ∈ w(ψ)Z for any q-dimensional s-singular simplex τ of Ψq−1ψ . Hence Φξ−δ′η′ ∈
ws-Cq−1(M1 ∪M2). Take any σ ∈ s-Sq(M1 ∪ M2). Since ∂Ψqσ = σ − Tqσ − Ψq−1(∂σ ), 〈ξ − δ′η′, σ 〉 = 〈ξ −
δ′η′, ∂Ψqσ + Tqσ +Ψq−1(∂σ )〉. Since ξ is a cocycle of ws-C∗(M1 ∪M2), 〈ξ − δ′η′, ∂Ψqσ 〉 = 〈δ′ξ − δ′δ′η′,Ψqσ 〉 =
〈0,Ψqσ 〉 = 0. Furthermore, since Tqσ ∈ s-Cq(M1) + s-Cq(M2), 〈ξ − δ′η′, Tqσ 〉 = 0. Then, 〈ξ − δ′η′, σ 〉 = 〈ξ −
δ′η′,Ψq−1(∂σ )〉 = 〈Φξ−δ′η′ , ∂σ 〉 = 〈δΦξ−δ′η′ , σ 〉. Hence, [ξ ] = [δ′η′] = 0 in Hq(ws-C∗(M1 ∪M2)). 
8. The relative ws-singular cohomology
Definition 8.1. Let (M,A) be an orbifold pair. We define relative cochain groups as follows:
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s-Cq(M,A) = {η ∈ s-Cq(M) | η(s-Cq(A))= 0},
ws-Cq(M,A) = {η ∈ s-Cq(M,A) | η(σ ) ∈ w(σ)Z for ∀σ ∈ s-Sq(M)}.
Definition 8.2. Let (M,A) be an orbifold pair. We can define the coboundary operator δ of ws-C∗(M,A) by 〈δξ,ϕ〉 =
〈ξ, ∂ϕ〉, where ϕ is regarded as an element of s-Cq(M). Then ws-C∗(M,A) together with δ becomes a cochain
complex. We denote it simply by ws-C∗(M,A).
Definition 8.3. The ws-singular cohomology ws-Hq(M,A) of an orbifold pair (M,A) is defined by ws-Hq(M,A) =
Hq(ws-C∗(M,A)).
Definition 8.4. Let (M,A) be an orbifold pair. For each η ∈ ws-Cp(M,A) and ξ ∈ ws-Cq(M), the cup product
η ∪ ξ ∈ Cp+q(M,A) of η and ξ is defined by η ∪ ξ where η is regarded as an element of ws-Cp(M).
Definition 8.5. Let (M,A) be an orbifold pair. For [u] ∈ ws-Hp(M,A), [v] ∈ ws-Hq(M) we define [u] ∪ [v] ∈
Hp+q(M,A) by [u] ∪ [v] = [u∪ v].
Definition 8.6. Let (M,A) be an orbifold pair. For η ∈ ws-Cp(M) and α ∈ s-Cq(M,A), q  p, the cap product
η ∩ α ∈ s-Cq−p(M,A) is defined by η ∩ α = η ∩ a where a ∈ s-Cq(M) is a representative of α.
Definition 8.7. Let (M,A) be an orbifold pair. For [η] ∈ ws-Hp(M), [c] ∈ s-Hq(M,A), q  p, we define [η] ∩ [c] ∈
s-Hq−p(M,A) by [η] ∩ [c] = [η ∩ c].
Theorem 8.8. Let (M,A), (N,B) be orbifold pairs and let f : (M,A) → (N,B) be a W-continuous map. Then an
induced homomorphism f ∗ : ws-Hq(N,B) → ws-Hq(M,A) can be defined by [ξ ] → [f #ξ ].
Proposition 8.9. Let (M,A), (N,B) and (L,C) be orbifold pairs, and let f : (M,A) → (N,B), g : (N,B) → (L,C)
be W-continuous maps. Then (g ◦ f )∗ = f ∗ ◦ g∗.
Theorem 8.10. Let (M,A), (N,B) be orbifold pairs and let f,g : (M,A) → (N,B) be W-continuous maps. If f and
g are W-homotopic, then f ∗ = g∗.
Theorem 8.11. Let (M,A) and (N,B) be orbifold pairs. If they are W-homotopy equivalent, then their ws-singular
cohomology groups ws-Hq(M,A) and ws-Hq(N,B) are isomorphic.
Proposition 8.12. Let f : (M,A) → (N,B) be a W-continuous map, v′ ∈ s-C∗(N), c ∈ s-C∗(M,A), then f#(f #(v′)∩
c) = v′ ∩ f#(c).
Proposition 8.13. Let f : (M,A) → (N,B) be a W-continuous map, β ′ ∈ ws-H ∗(N), a ∈ s-H∗(M,A), then
f∗(f ∗(β ′)∩ a) = β ′ ∩ f∗(a).
Let M be an orbifold and A a suborbifold of M . Since the inclusion map A ⊂ M maps s-chains of A to s-chains
of M , it induces a homomorphism from ws-C∗(M) to ws-C∗(A). Then the general cohomology theory gives us the
following theorems.
Theorem 8.14 (Exact sequence of triple). Let M be an orbifold and A ⊃ B suborbifolds of M . Let i : (A,B) ⊂ (M,B)
and j : (M,B) ⊂ (M,A) be inclusion maps, and δ∗ : ws-Hq(A,B) → ws-Hq+1(M,A) the connecting homomor-
phism. Then the following sequence is exact:
· · · δ∗−−−−→ ws-Hq(M,A) j
∗
−−−−→ ws-Hq(M,B) i∗−−−−→ ws-Hq(A,B) δ∗−−−−→ · · · .
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0 → s-C∗(M,A) j
#
−→ s-C∗(M,B) i
#−→ s-C∗(A,B) → 0.
Claim 1. The restriction of j# to ws-C∗(M,A) is a monomorphism into ws-C∗(M,B).
Take any ξ ∈ ws-Cq(M,A). Since ξ ∈ ws-Cq(M) and ξ(s-Cq(A)) = 0, j#ξ ∈ ws-Cq(M) and j#ξ(s-Cq(B)) = 0.
That is, j#ξ ∈ ws-Cq(M,B).
Claim 2. i#(ws-Cq(M,B)) = ws-Cq(A,B).
Take any ξ ∈ ws-Cq(M,B). Since ξ ∈ ws-Cq(M) and ξ(s-Cq(B)) = 0, i#ξ ∈ ws-Cq(A) and i#ξ(s-Cq(B)) = 0.
That is, i∗ξ ∈ ws-Cq(A,B).
Take any ξ ∈ ws-Cq(A,B). Define η′ : s-Sq(M) → Z by
〈η′, σ 〉 =
{ 〈ξ, σ 〉 if σ ∈ s-Sq(A),
0 if σ /∈ s-Sq(A),
and define η : s-Cq(M) → Z by the linear extension of η′. Then, η ∈ ws-Cq(M,B) and i#η = ξ .
Claim 3. j#(ws-Cq(M,A)) = Ker i# ∩ ws-Cq(M,B).
One direction is clear. For the other one, take any ξ ∈ ws-Cq(M,B) such that i#ξ = 0 in ws-Cq(A,B). Note that
ξ ∈ ws-Cq(M) and that, for any c ∈ s-Cq(A), 〈i#ξ, c〉 = 〈ξ, ic〉 = 〈ξ, c〉 = 0. That is, ξ ∈ ws-Cq(M,A). Furthermore,
for any c ∈ s-Cq(M), 〈j#ξ, c〉 = 〈ξ, jc〉 = 〈ξ, c〉. That is, j#ξ = ξ . Hence, ξ ∈ j#(ws-Cq(M,A)). 
Corollary 8.15. Let M be an orbifold and A a suborbifold of M . Then the following sequence is exact:
· · · δ∗−−−−→ ws-Hq(M,A) j
∗
−−−−→ ws-Hq(M) i∗−−−−→ ws-Hq(A) δ∗−−−−→ · · · .
Theorem 8.16 (The naturality of δ∗). Let M (respectively M ′) be an orbifold and A ⊃ B (respectively A′ ⊃ B ′)
suborbifolds of M (respectively M ′). Let f : (M,A,B) → (M ′,A′,B ′) be a W-continuous map. Then the following
diagram commutes:
ws-Hq(A,B)
δ∗−−−−→ ws-Hq+1(M,A)⏐⏐f ∗ ⏐⏐f ∗
ws-Hq(A′,B ′) −−−−→
δ∗
ws-Hq+1(M ′,A′).
Theorem 8.17 (Excision Theorem I). If M1 and M2 are suborbifolds of an orbifold M and IntM1∪M2(M1) ∪
IntM1∪M2(M2) = M1 ∪M2, then the homomorphism i∗ : ws-H ∗(M1 ∪ M2,M2) → ws-H ∗(M1,M1 ∩ M2) induced
by the inclusion map is an isomorphism.
Proof. Take any ξ ∈ ws-Cq(M1,M1 ∩ M2) such that δξ = 0. By Proposition 7.1, for each q , there is an s-chain
map Tq : s-Cq(M1 ∪M2) → s-Cq(M1)+ s-Cq(M2) and a homomorphism Ψq : s-Cq(M1 ∪M2) → s-Cq+1(M1 ∪M2)
which satisfy that Tqc = c for c ∈ s-Cq(Mi), i = 1,2, and that ∂q+1Ψqc+Ψq−1∂qc = c−Tqc for c ∈ s-Cq(M1 ∪M2),
q ∈ Z, q  0. Define ξ¯ : s-Cq(M1)∪ s-Cq(M2) → Z by the linear extension of
〈ξ¯ , σ 〉 =
{ 〈ξ, σ 〉 if σ ∈ s-Sq(M1),
0 if σ ∈ s-Sq(M2),
and define ξ ′ : s-Cq(M1 ∪ M2) → Z by 〈ξ ′, c〉 = 〈ξ¯ , Tqc〉, c ∈ s-Cq(M1 ∪ M2). Then, it is easy to verify that ξ ′ ∈
ws-Zq(M1 ∪M2,M2). Furthermore, for any ϕ ∈ s-Sq(M1), 〈i#ξ ′, ϕ〉 = 〈ξ ′, iϕ〉 = 〈ξ ′, ϕ〉 = 〈ξ,ϕ〉. Then i#ξ ′ = ξ .
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such that i#ξ = δη. Define η¯ : s-Cq−1(M1)∪ s-Cq−1(M2) → Z by the linear extension of
〈η¯, σ 〉 =
{ 〈η,σ 〉 if σ ∈ s-Sq−1(M1),
0 if σ ∈ s-Sq−1(M2),
and define η′ : s-Cq−1(M1 ∪ M2) → Z by 〈η′, c〉 = 〈η¯, Tq−1c〉, c ∈ s-Cq−1(M1 ∪ M2). Then, it is easy to verify
that η′ ∈ ws-Cq−1(M1 ∪ M2,M2). Define Φξ−δη′ : s-Cq−1(M1 ∪ M2) → Z by 〈Φξ−δη′ , c〉 = 〈ξ − δη′,Ψq−1c〉, c ∈
s-Cq−1(M1 ∪M2). Then, as in the proof of Claim 4 of Theorem 7.2, we can show that Φξ−δη′ ∈ ws-Cq−1(M1 ∪M2).
Furthermore, for any c ∈ s-Cq−1(M2), 〈Φξ−δη′ , c〉 = 0, since Ψq−1c ∈ s-Cq(M2). Thus, Φξ−δη′ ∈ ws-Cq−1(M1 ∪
M2,M2). Also, as in the proof of Claim 4 of Theorem 7.2, we can show that 〈ξ − δη′, c〉 = 〈δΦξ−δη′ , c〉. Hence
[ξ ] = [δξ ′] in ws-Hq−1(M1 ∪M2,M2). 
Corollary 8.18 (Excision Theorem II). Let M be an orbifold and A a suborbifold of M . If there exists a suborbifold
U of M which satisfies cl(U) ⊂ IntA, then the homomorphism i∗ : ws-H ∗(M,A) → ws-H ∗(M −U,A−U) induced
by the inclusion map is an isomorphism.
Proof. From the hypothesis, it holds that Int(M−U)∪ IntA = M . Then, we have the conclusion from Proposition 7.1
and Theorem 8.17. 
Theorem 8.19. Let M be an orbifold and Mi ⊃ Ai suborbifolds of M , i = 1,2. If IntM1∪M2(M1) ∪ IntM1∪M2(M2) =
M1 ∪M2 and IntA1∪A2(A1)∪ IntA1∪A2(A2) = A1 ∪A2, then the following sequence is exact:
· · · −−−−→ ws-Hq(M1 ∪M2,A1 ∪A2) j
∗
−−−−→ ws-Hq(M1,A1)⊕ ws-Hq(M2,A2)
i∗−−−−→ ws-Hq(M1 ∩M2,A1 ∩A2) δ
∗−−−−→ ws-Hq+1(M1 ∪M2,A1 ∪A2) −−−−→ · · ·
(8.1)
where iμ : (M1 ∩M2,A1 ∩A2) ⊂ (Mμ,Aμ), jμ : (Mμ,Aμ) ⊂ (M1 ∪M2,A1 ∪A2) are inclusions, and
j#(ξ) = ((j1)#(ξ),−(j2)#(ξ)), ξ ∈ ws-C∗(M1 ∪M2,A1 ∪A2),
i#(ξ1, ξ2) = (i1)#(ξ1)+ (i2)#(ξ2), ξμ ∈ ws-C∗(Mμ,Aμ),
δ∗[z] = [(j#)−1δ(i#)−1(z)],
j∗
([ξ ])= ((j1)∗[ξ ],−(j2)∗[ξ ]),
i∗
([ξ1], [ξ2])= (i1)∗[ξ1] + (i2)∗[ξ2].
Proof. There is a short exact sequence
0 → (s-C∗(M1,A1)+ s-C∗(M2,A2))∗ j#−→ s-C∗(M1,A1)⊕ s-C∗(M2,A2)
i#−→ s-C∗(M1 ∩M2,A1 ∩A2) → 0.
Let ι : s-C∗(M1,A1) + s-C∗(M2,A2) → s-C∗(M1 ∪ M2,A1 ∪ A2) be the homomorphism defined by ι(ϕ1 + ϕ2) =
ϕ1 + ϕ2. ι#(ws-C∗(M1 ∪M2,A1 ∪A2)) together with the restriction of the coboundary operator of (s-C∗(M1,A1)+
s-C∗(M2,A2))∗ is a cochain complex. As in the proof of Claims 1, 2, and 3 of Theorem 7.2, we have the following
short exact sequence by restricting j# and i# to ι#(ws-C∗(M1 ∪M2,A1 ∪A2)) and ws-C∗(M1,A1)⊕ws-C∗(M2,A2),
respectively.
0 → ι#(ws-C∗(M1 ∪M2,A1 ∪A2)) j#−→ ws-C∗(M1,A1)⊕ ws-C∗(M2,A2)
i#−→ ws-C∗(M1 ∩M2,A1 ∩A2) → 0.
Furthermore, also as in the proof of Claim 4 of Theorem 7.2, we can show that ι∗ :Hq(ws-C∗(M1 ∪M2,A1 ∪A2)) →
Hq(ι#(ws-C∗(M1 ∪M2,A1 ∪A2))) is an isomorphism. 
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Theorem 9.1. Let S be a compact orientable 2-orbifold with genus g, boundary components p, and singular points
p1, . . . , pr . Let E be a disjoint union of q non-singular discs E1, . . . ,Eq on S. Then the following holds:
ws-H 0(S,E) =
{0 if q  1,
Z if q = 0,
ws-H 1(S,E) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Z ⊕ · · · ⊕ Z︸ ︷︷ ︸
2g
⊕q
i=1 Z〈ρi〉
⊕r
j=1 Znj 〈ξj 〉/〈
∑q
i=1 ρi +
∑r
j=1 ξj 〉 if p = 0,
Z ⊕ · · · ⊕ Z︸ ︷︷ ︸
2g+p−1
⊕q
i=1 Z〈ρi〉
⊕r
j=1 Znj 〈ξj 〉/〈
∑q
i=1 ρi +
∑r
j=1 ξj 〉 if p  1,
ws-H 2(S,E) =
{0 f p  1,
Z if p = 0,
ws-Hk(S,E) = 0 if k  3,
where nj are the indices of pj , j = 1, . . . , r , ρi : s-C1(S) → Z is defined by
〈ρi, ϕ〉 =
⎧⎨
⎩
1 if ϕ begins with a point of Ei but does not end with a point of Ei,
−1 if ϕ ends with a point of Ei but does not begin with a point of Ei,
0 otherwise,
and ξj : s-C1(S) → Z is defined by
〈ξj , ϕ〉 =
⎧⎨
⎩
1 if ϕ begins with pj but does not end with pj ,
−1 if ϕ ends with pj but does not begin with pj ,
0 otherwise.
Proof. The 0-dimensional case is clear.
Induction on r . If r = 0, it is a usual cohomology of a 2-manifold. Let Dr be a discal neighborhood of pr and
S′ the 2-orbifold derived from S by replacing Dr by a non-singular 2-disc Or . Put D′ = E ∪Dr and E′ = E ∪Or .
Note that the conclusion holds for ws-Hi(S′,E′) by the inductive hypothesis and that ws-Hi(S,D′) ∼= ws-Hi(S −
IntD′,D′ − IntD′) ∼= ws-Hi(S′,E′), by Corollary 8.18. From Theorem 8.14, there is an exact sequence of the triple
S ⊃ D′ ⊃ E:
ws-H 0(S,D′) j
∗
−−−−→ ws-H 0(S,E) i∗−−−−→ ws-H 0(D′,E)
δ∗−−−−→ ws-H 1(S,D′) j
∗
−−−−→ ws-H 1(S,E) i∗−−−−→ ws-H 1(D′,E)
δ∗−−−−→ ws-H 2(S,D′) j
∗
−−−−→ ws-H 2(S,E) i∗−−−−→ ws-H 2(D′,E)
δ∗−−−−→ ws-H 3(S,D′) j
∗
−−−−→ ws-H 3(S,E) i∗−−−−→ ws-H 3(D′,E)
δ∗−−−−→ · · · .
From Theorem 4.1, ws-Hi(D′,E) = 0, i  1. From the inductive hypothesis, ws-Hi(S′,E′) = 0, i  3, and
ws-H 2(S′,E′) is either 0 or Z according to p = 0 or p = 0, respectively. Then, we have the conclusion of
ws-Hk(S,E), k  2. Let η : s-C0(D′) → Z be the generator of ws-H 0(D′,E) ∼= Z defined by
〈η,x〉 =
{
nr if x ∈ Dr,
0 if x /∈ Dr.
Let η¯ : s-C0(S) → Z be the extension of η defined by
〈η¯, x〉 =
{
nr if x ∈ Dr,
0 if x /∈ Dr.
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γ ∈ s-C1(S). Let μ : s-C0(S) → Z be the map defined by
〈μ,x〉 =
{−nr if x /∈ {p1, . . . , pr−1} ∪D′,
0 if x ∈ {p1, . . . , pr−1} ∪D′.
Then, μ ∈ ws-C0(S,D′) and 〈Ψ − nr(∑qi=1 ρi + ∑r−1j=1 ξj ), γ 〉 = 〈δμ,γ 〉, γ ∈ s-C1(S). That is, δ∗[η] =
nr(
∑q
i=1[ρi] +
∑r−1
j=1[ξj ]). Hence, ws-H 1(S,E) ∼= ws-H 1(S,D′)/〈nr(
∑q
i=1[ρi] +
∑r−1
j=1[ξj ])〉. From the inductive
hypothesis,
ws-H 1(S,D′) = Z ⊕ · · · ⊕ Z︸ ︷︷ ︸
2g+R
q+1⊕
i=1
Z〈ρi〉
r−1⊕
j=1
Znj 〈ξj 〉
/〈q+1∑
i=1
ρi +
r−1∑
j=1
ξj
〉
,
where R is either p − 1 or 0 according to p  1 or p = 0. Then, by putting ρq+1 = −(∑qi=1 ρi + ∑r−1j=1 ξj ) in
the presentation of ws-H 1(S,D′) and ξr = −(∑qi=1 ρi +∑r−1j=1 ξj ) in the presentation of ws-H 1(S,E), we have the
desired presentation. 
Corollary 9.2. Let D be the orientable discal 2-orbifold with the singular point p. Then the following holds:
ws-Hk(D,∂D) =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
0 if k = 0,
Zn if k = 1,
Z if k = 2,
0 if k  3,
where n is the index of p.
Proof. Applying Theorem 9.1 for g = 0, p = 0, r = 1, and q = 1 together with Corollary 8.18, we have the conclu-
sion. 
Theorem 9.3. Let B be the cone on the orientable spherical 2-orbifold with singular points p1,p2,p3. Then the
following holds:
ws-Hk(B, ∂B) =
⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
0 if k = 0,
Zn if k = 1,
Zn1〈ξ1〉 ⊕ Zn2〈ξ2〉 ⊕ Zn3〈ξ3〉/〈ξ1 + ξ2 + ξ3〉 if k = 2,
Z if k = 3,
0 if k  4,
where ni is the index of pi , i = 1,2,3, n = (the index of the cone point of B)/ (L.C.M. of n1, n2, n3), and ξi : s-C1(S) →
Z is defined by
〈ξi, ϕ〉 =
⎧⎨
⎩
1 if ϕ begins with pi but does not end with pi,
−1 if ϕ ends with pi but does not begin with pi,
0 otherwise.
Proof. From Corollary 8.15, there is an exact sequence:
· · · δ∗−−−−→ ws-Hq(B, ∂B) j
∗
−−−−→ ws-Hq(B) i∗−−−−→ ws-Hq(∂B) δ∗−−−−→ · · · .
Then, from Theorems 4.1 and 9.1, we have the desired conclusion. 
Note that Corollary 9.2 and Theorem 9.3 suggest the ws-singular cohomology is the dual of the t-singular homology
(see Theorems 9.2 and 11.11 of [3]). Indeed, in [4] we prove the duality theorem between the t-singular homology
and the ws-singular cohomology for an n-dimensional compact, and s-homologically orientable orbifold.
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thermore, if ∂M = ∅, then ws-Hn(M) = 0.
Proof. Induction on n. The conclusion holds for n = 0,1, and 2. Suppose that it holds for n− 1. We may assume
that ΣM = ∅. Since ΣM is compact, there are cones C1, . . . ,C on orientable spherical (n− 1)-orbifolds such that
C1 ∪· · ·∪C is a neighborhood of ΣM . Put U = C1 ∪· · ·∪C. We may assume that, for each r , (C1 ∪· · ·∪Cr)∩Cr+1
is a suborbifold of Cr+1. Then, by using Theorem 7.2, we can show that ws-Hk(U) = 0, k  n, inductively on r . Put
M0 = cl(M −U). Let V be a neighborhood of U constructed by adding U to a collar neighborhood of ∂U in M0.
Since M0 ∩ V is W-homotopy equivalent to the (n− 1)-orbifold M0 ∩U , ws-Hk(M0 ∩ V ) = 0, k  n, from the
inductive hypothesis. Since ΣM = ∅ and M0 is a manifold, ws-Hk(M0) ∼= Hk(M0) = 0, k  n. By Theorem 7.2,
there is an exact sequence
· · · δ∗−−−−→ ws-Hk(M) j
∗
−−−−→ ws-Hk(M0)⊕ ws-Hk(V )
i∗−−−−→ ws-Hk(M0 ∩ V ) δ
∗−−−−→ · · · .
Then we have that ws-Hk(M) ∼= 0, k  n+ 1, and that
ws-Hn(M) ∼= ws-Hn−1(M0 ∩ V )/ Im i∗. (9.1)
Let S1, . . . , Sq be the components of M0 ∩ U such that Si ∩ ∂M = ∅, i = 1,2, . . . , q . Since ∂M = ∅, there is
at least one component S of ∂M0 − (S1 ∪ · · · ∪ Sq). Then, from the usual manifold theory, i∗1 : ws-Hn−1(M0)(=
Hn−1(M0)) → ws-Hn−1(M0 ∩ V )(= Hn−1(M0 ∩ V )) is an epimorphism, where i1 :M0 ∩ V → M0 is the inclu-
sion map. Therefore, i∗ : ws-Hn−1(M0) ⊕ ws-Hn−1(V ) → ws-Hn−1(M0 ∩ V ) is an epimorphism. Hence we have
ws-Hn(M) = 0 from (9.1). 
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